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Abstract
The structure of an anomalous Lagrangian of the πρωa1 system is investigated within the hidden
local SU(2)R × SU(2)L symmetry approach. The interaction of the external electromagnetic and
weak vector and axial–vector fields with the above hadron system is included.
The Lagrangian of interest contains the anomalous Wess–Zumino term following from the well
known Wess–Zumino–Witten action and six independent homogenous terms. It is characterized by
four constants that are to be determined from a fit to the data on various elementary reactions.
Present data allows one to extract the constants with a good accuracy.
The homogenous part of the Lagrangian has been applied in the study of anomalous processes
that could enhance the high energy tail of the spectrum of photons, produced in the radiative muon
capture in hydrogen. It should be noted that recently, an intensive search for such enhancement
processes has been carried out in the literature, in an attempt to resolve the so called ”gP puzzle”:
an ≈ 50 % difference between the theoretical prediction of the value of the induced pseudoscalar
constant gP and its value extracted from the high energy tail of the photon spectrum, measured in
the precision TRIUMF experiment.
Here, more details on the studied material are presented and new results, obtained by using the
Wess–Zumino term, are provided.
1
1 Introduction
The theory of the weak nuclear interaction aims to describe nuclear phenomena induced by the external
interaction, that is mediated by the intermediate bosons W± and Z0 of the Standard Model [1, 2]. At
low and intermediate energies, the strangeness conserving semileptonic nuclear interaction Hamiltonian
is of the current-current form [3]-[6]
HW = −GF√
2
cos θC
[
JˆaW, µ l
∗
µ + h.c.
]
. (1)
Here the weak interaction constant GF /(h¯c)
3 ≈ 1.16637(1) × 10−5GeV −2 [7], the Cabibbo angle [8]
cos θC = 0.9738(5) [7], lµ is the lepton current and the operator of the weak nucleon current is
JˆaW,µ(q1) = Jˆ
a
V, µ(q1) + Jˆ
a
A, µ(q1)
= i
(
gV (q
2
1)γµ −
gM (q
2
1)
2M
σµ ν q1ν − gA(q21)γµγ5 + i
gP (q
2
1)
ml
q1µγ5
)
τa
2
, (2)
where M(ml) is the nucleon (lepton) mass and q1µ = p
′
µ− pµ, where p′µ(pµ) is the 4-momentum of the
final (initial) nucleon.
The least known of the form factors entering Eq. (2) is the induced pseudoscalar form factor gP (q
2
1).
The presence of this form factor in the weak nucleon current is a consequence of the intimate relation
between the strong and weak interaction processes. The contribution of the pion pole to gP (q
2
1) is
gP (q
2
1) = −2gpiNNfpiml∆piF (q21) , (3)
where gpiNN is the pseudoscalar πNN coupling constant
1, fpi is the pion decay constant
2 and
∆piF (q
2
1) = 1/(m
2
pi + q
2
1) is the pion propagator.
The matrix element of the axial current JˆaA, µ should satisfy the partial conservation of the axial
current (PCAC)
u¯(p′)q1µJˆ
a
A, µu(p) = u¯(p
′)
[
2MgAFA(q
2
1)−
gP (q
2
1)
ml
q21
]
γ5
τa
2
u(p) = ifpim
2
pi∆
pi
F (q
2
1)M
a
pi , (4)
where Mapi is the pion absorption amplitude. We also put
gA(q
2
1) = gAFA(q
2
1) , gA ≡ gA(0) = −1.2695 ± 0.0029 . (5)
The value of the constant gA is taken from Ref. [7]. In order to fulfil Eq. (4) one subtracts from the
induced pseudoscalar form factor a piece
∆gP (q
2
1) = −2gpiNNfpiml
1
q21
[
1 +
MgA
gpiNNfpi
FA(q
2
1)
]
≈ 2MgAml 1
q21
[
1− FA(q21)
]
≈ 1
3
MgAmlr
2
A . (6)
1Modern phenomenological nucleon-nucleon potentials use gpiNN ≈ 13.0.
2According to Ref. [7],
√
2f+pi = 130.7 ± 0.1 ± 0.36MeV , thus providing f+pi = 92.7 ± 0.3MeV ; let us note, however,
that
√
2f0pi = 130± 5MeV [7].
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Here rA is a nucleon axial radius measured independently in the quasi–elastic neutrino scattering,
r2A = 0.42 ± 0.04 fm2 [9], and in the charged pion electroproduction, r2A = 0.403 ± 0.030 fm2 [10].
In deriving Eq. (6), we use the Goldberger–Treiman relation
M |gA| = gpiNN (0)fpi , (7)
as being satisfied exactly and we assume a weak dependence of the couplings on the momentum
transfer. Using the constants gA, fpi+ and gpiNN as given above and the mean nucleon mass M =
938.92MeV , one observes that the left- and right hand sides of Eq. (7) differ by 1.1%.
The prediction for the form factor gP , following from the above discussed material, is given for the
ordinary muon capture (OMC) in the hydrogen,
µ− + p −→ νµ + n , (8)
as [11]
gP (q
2
1 = 0.877m
2
µ) =
2Mmµ
0.877m2µ +m
2
pi
gA = 6.87 gA = −8.72, (9)
whereas the correction, demanded by the PCAC is [11]
∆gP = 0.34gA = −0.43 . (10)
This correction is obtained by using the dipole form factor for FA(q
2
1) and the axial mass mA =
1.077GeV , extracted from the data in Ref. [10], which is equivalent to taking the nucleon axial radius
< r2A >
1/2= 0.635 fm [10]. Then the resulting value of the induced pseudoscalar constant, as predicted
by the PCAC, is
gPCACP = 6.44gA = −8.29 . (11)
Let us note that this value of gP , obtained from the PCAC constraint, is of fundamental importance. It
is confirmed by the calculations, performed within the framework of the effective field theory [12, 13, 14]
that incorporates the chiral symmetry of the quantum chromodynamics.
The influence of the induced pseudoscalar form factor gP on observables and the related extraction
of this quantity from experiments was studied intensively in the OMC and radiative muon capture
(RMC) in nuclei and in the electroproduction of charged soft pions. This activity has recently been
reviewed in Refs. [15, 16, 17, 18].
Let us note here first that in our opinion, the electroproduction of charged soft pions cannot provide
any information on the induced pseudoscalar form factor gP . Attempts to study it [16, 20] in the
reaction
e + p −→ e′ + π+ + n , (12)
at the threshold stem from the soft pion electroproduction amplitude derived from the low energy
theorem. As usually derived, this amplitude contains the current–current amplitude and the weak axial
nucleon current. In the next step, one calculates the contributions to the current–current amplitude.
If one restricts oneself only to the contributions due to the nucleon Born terms, one really has an
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electroproduction amplitude containing the gP form factor. However, as shown in detail [21], the
correct calculation of the contribution to the current–current amplitude due to the pion and the heavy
axial meson emitted in the t–channel, leads to a complete cancellation of the weak axial nucleon current
in the electroproduction amplitude. Simultaneously, a contact term, containing gA form factor, and
the pion pole production amplitude appear, as expected from physical intuition.
Since the extraction of the information on gP from the data on the OMC and RMC in nuclei is
extensively reviewed [15, 16, 17, 18], we restrict ourselves only to necessary comments on the RMC in
hydrogen, allowing us to proceed to the material that is the subject of this review.
For the OMC in the hydrogen, the induced pseudoscalar form factor gP only for one value of the
momentum transfer needs to be considered. In contrast to it, the RMC in hydrogen
µ− + p −→ νµ + γ + n , (13)
allows one to study the momentum dependence of gP in a certain interval of the values of the momen-
tum transfer.
The RMC amplitude generally consists of two parts. One part is due to the lepton radiation, another
one is due to the hadron radiation. In the lepton radiation amplitude, the weak form factors depend
on the four–momentum transfer qL = p1−p′1 = ν+k−µ = −q1 3, whereas the momentum dependence
of the weak form factors entering the hadron radiation amplitude is given by qN = ν−µ = qL− k. At
the end of the photon spectrum, we have (qL)2 ≈ +m2µ and (qN )2 ≈ −m2µ. Thus one obtains the value
of gP in the hadron radiation amplitude larger by a factor of about 3 in comparison with the value of
gP in the lepton radiation amplitude. This enhancement factor makes the reaction (13) attractive for
the study of the sensitivity of the high energy tail of the photon spectrum to the form factor gP .
The photon spectrum was measured in the reaction (13) in a TRIUMF experiment [22, 23]. The
comparison of the measured spectrum with the calculations [24, 25] provided the value of the pseu-
doscalar coupling constant that is by about 50% smaller than its value (11) predicted by the PCAC.
In these calculations, a relativistic RMC amplitude was used, derived from Feynman tree graphs. This
amplitude includes also the contribution from the ∆(1232) excitation process. Besides, it satisfies ap-
proximately the Ward–Takahashi identities, generally derived in Ref. [26]. Subsequent studies, aiming
to find an additional enhancement mechanism of the tail of the photon spectrum, were performed by
several authors [11, 19, 27, 28, 29, 30]. Only the model taking into account the off–shell degrees of
freedom of the ∆(1232) isobar is able to provide enough enhancement of the photon spectra [11].
One of the possible contributions to the enhancement mechanism has been studied in detail in
Refs. [11, 31, 32]. This is the contribution of the processes described by anomalous Lagrangians. We
next provide a detailed account of the construction of such a Lagrangian for the π-ρ-ω-a1 system, then
we present the structure of the RMC amplitude arising from it. We show that this part of the full
RMC amplitude satisfies the PCAC constraint by itself.
3The notations are obvious: ν, µ, k is the four–momentum of the neutrino, muon and photon, respectively.
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2 Anomalous Lagrangian of the pi-ρ-ω-a1 system
As in the OMC, in order to calculate the capture rate, one needs to know the effective Hamiltonian.
The velocity independent part of it is [11, 33]
H
(0)
eff =
1√
2mµ
(1− ~σl · νˆ) [g1 (~σl · ~ε) + g2 (~σ · ~ε) + g3i (~σ · ~ε× ~σl)
+g′4 (~σl · ~ε)
(
~σ · kˆ
)
+ g′′4 (~σl · ~ε) (~σ · νˆ) + g′5
(
~σl · kˆ
)
(~ε · νˆ) + g′6 (~ε · νˆ)
+g′7i
(
~σ · kˆ × ~ε
)
+ g′′7 i (~σ · νˆ × ~ε) + g′8
(
~σl · kˆ
)
(~σ · ~ε) + g′′8 (~σl · νˆ) (~σ · ~ε)
+g′9 (~σl · ~σ) + g′10
(
~σ · kˆ
)
(~ε · νˆ) + g′′10 (~σ · νˆ) (~ε · νˆ)
+g′11
(
~σl · kˆ
) (
~σ · kˆ
)
(~ε · νˆ) + g′′11
(
~σl · kˆ
)
(~σ · νˆ) (~ε · νˆ)
]
. (14)
Here ~σl (~σ) are the lepton (nucleon) spin Pauli matrices, νˆ (kˆ) is the unit vector in the direction of
the neutrino (photon) momentum vector ~ν (~k) and ~ελ is the photon polarization. The most important
form factors are g1, g2 and g3. All other gi contain at least one damping factor 1/M .
The aim of any model Lagrangian of the interaction of a hadron system with an external electroweak
fields is to provide the form factors gi entering Eq. (14). Usually, one considers processes, described by
the normal Lagrangians [19, 25, 27, 28, 34], where a natural parity of the in- and outcoming channels
does not change. The natural parity of a particle is defined for bosons only and it is Pn = P (−1)J ,
where P is the intrinsic parity and J is the spin of the particle. The natural parity of the channel is
defined as the product of the natural parities of the channel particles.
The RMC amplitude, presented in Ref. [34], is derived from a non–anomalous Lagrangian of the
πρωa1 system that reflects the SU(2)L×SU(2)R hidden local symmetry [35, 36, 37, 38]. This amplitude
extends the amplitude obtained from the low energy theorem to higher values of the photon and weak
current momenta.
Here our goal is to construct the RMC amplitude which contributes to the anomalous processes.
Let first discuss the generalities related to the construction of the necessary anomalous Lagrangian.
In meson physics, anomalous processes are defined as processes in which the natural parity is not
preserved. The value of Pn for some bosons is given in table 1.
Table 1. Natural parity of some bosons.
boson P J Pn
σ +1 0 +1
π -1 0 -1
ρ -1 1 +1
ω -1 1 +1
a1 +1 1 -1
f1(1285) +1 1 -1
γ -1 1 +1
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Then the vertices ρ → ππ and a1 → ρπ are described by the non–anomalous Lagrangian, whereas
the vertices ρ→ γπ and ω → γπ are anomalous and play an important role in describing the deuteron
electromagnetic form factors. As we shall see soon, the anomalous vertices a1 → ρω and ρ→ ωπ enter
into the amplitudes for the process (13).
There exists a unique way to construct the interaction Lagrangian that would violate the natural
parity and would simultaneously conserve the intrinsic parity and would be Lorentz invariant: the
Levi–Civita pseudotensor should be used. So anomalous processes are defined as processes, described
by a Lagrangian containing the pseudotensor εαβγλ. Let us note that this definition of the anomalous
processes is more general than the definition using the natural parity, as it can be extended from pure
meson processes also to processes, where mesons interact also with the gauge bosons of the electroweak
interaction and subsequently, with fermions.
Let us note that the term ”anomalous” refers to the axial Abelian as well as non–Abelian anomaly4,
yielding an anomalous breaking of the chiral symmetry in the theory of quantum fields [2]. The first
such chiral anomaly was observed in the width of the decay
π0 → γ γ . (15)
The observed decay width turned out to be enhanced by three orders of magnitude in comparison with
the one derived from the models incorporating spontaneously and explicitly broken chiral symmetry
[1, 2]. Anomalous behavior of the decay width for the process (15) indicates the existence of a new
mechanism of the chiral symmetry breaking. It was found [40, 41] that it is the regularization of the
Feynman one–loop diagrams that produces the chiral symmetry breaking.
An elegant study of the chiral anomaly has later been performed within the path integral method in
Ref. [42]. Non–invariance under the chiral transformations of the measure in the path integral over the
fermion fields means that the functional integral is not invariant and the chiral symmetry is broken.
This formally provides Jacobi determinant different from identity. It follows that the logarithm of
such a determinant leads to an anomaly function [1, 2] that can be given in terms of the gauge fields of
the electroweak interaction, but it does not depend on the quark fields. Finally, its presence produces
in the effective Lagrangian the term
Lpi0γγ = −
e2
32π2fpi
εαβγλFαβ(x)Fγλ(x)π
0(x) , Fαβ(x) = ∂αAβ(x) − ∂βAα(x) . (16)
This Lagrangian can be qualified as anomalous in accord with both definitions of anomalous La-
grangians discussed above and it provides the correct value of the decay width for the process (15).
It is important to note that the form of the anomaly function is rather independent of the detailed
features of the theory [2]. However, it should satisfy the Wess–Zumino consistency conditions [43] that
depend only on the properties of the anomalously broken symmetry group. These conditions strongly
restrict the form of the anomaly function, but they do not fix it uniquely.
4The axial–vector anomaly is frequently called the chiral anomaly [39].
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The independence of the anomaly function on the details of the theory is useful if one would like
to pass from the quantum chromodynamics (QCD) to the low energy effective field theories given in
terms of the Goldstone bosons and the gauge fields of the electroweak interaction. The consistency
conditions will be the same as in QCD and it can be shown that the anomaly function will be the
same, too [44, 2].
At the level of effective low energy Lagrangians, the term, breaking the chiral symmetry, should
be present in the Lagrangian from the very beginning and it is called the anomalous Lagrangian. It
follows from what we said above that its change under the infinitesimal chiral transformation is fixed
by the anomaly function.
The form of the anomalous Lagrangian for the Goldstone bosons of the spontaneously broken global
chiral group SU(3)L × SU(3)R was derived in Ref. [43]. However, this Lagrangian cannot be given in
a simple closed form [1, 2], but it is possible for the anomalous action [45]. Without gauge fields, this
action is invariant under the global transformations of the chiral group
Gg = [SU(3)L × SU(3)R]g , (17)
whereas the related anomalous Lagrangian is not invariant. It is possible to extend this global symme-
try to the local one by introducing the gauge fields of the electroweak interaction into the anomalous
action, the fields of the photon and of the intermediate bosons W± and Z0 [45]. Then the gauged
Wess–Zumino–Witten action will contain terms, describing anomalous processes taking place between
the π-, K- and η mesons in the presence of the external electroweak fields, including the Lagrangian
(16), responsible for the decay (15).
Anomalous processes are important not only in the case of the Goldstone bosons, but are abundantly
observed in the reactions with vector mesons, such as ω and ρ mesons, e.g. the radiative decay of
these mesons,
B → π + γ , B = ω, ρ , (18)
is the anomalous process, as it follows from table 1.
For an extension of the theory to incorporate the vector mesons, it is important to recognize that
any such theory should be free of axial anomaly, as it follows from the gauge invariance [2]. In other
words, the anomaly functions, arising in different sectors of the theory, should compensate among
themselves. It turns out that this restriction does not allow one to incorporate the vector mesons into
the anomalous Lagrangians as Yang–Mills gauge fields. This follows from the fact that in this case, the
anomaly function, arising in the vector meson sector of the anomalous Lagrangian, differs from the one,
derived from the QCD. Then such a theory is in contradiction with the fundamental postulate [46] that
any effective low energy theory of hadrons should strictly respect symmetries imbedded in the QCD
and the consequences following from it, including the mode in which these symmetries are broken.
Since the anomaly function is a direct consequence of the anomalously broken chiral symmetry of the
QCD, the same anomaly function should be immanent also to any anomalous hadron Lagrangian.
On the contrary, introducing the vector mesons within the framework of the hidden local symmetries
(HLS) provides a theory of the interaction of the mesons with the electroweak fields that is free of the
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above mentioned defects [35, 36, 37, 47]. Methodologically, the construction of the anomalous HLS
Lagrangian does not differ from that of the non–anomalous one. The extension of the symmetry (17)
by the group Gl ≡ [SU(3)L × SU(3)R]l of the local transformations needs introduction both of the
related massless gauge fields and non–physical compensators. In the next step, after the spontaneously
breaking of the extended symmetry, the compensator fields disappear, whereas the gauge fields acquire
the mass. These new gauge fields are identified with the physical vector and axial–vector mesons. Then
the procedure results in the appearance of the anomalous invariants, consisting of the fields of particles,
which anomalous processes one would like to describe of: of the Goldstone-, vector- and axial–vector
meson fields and of the fields of the electroweak interaction. In general, the anomalous Lagrangian
can be chosen as the sum of the Wess–Zumino–Witten Lagrangian and of the linear combination of
the anomalous invariants [35, 36, 37]. Thus, such a Lagrangian contains free parameters that can be
fixed by analyzing anomalous processes, or by imposing additional semi–phenomenological conditions.
The anomalous Lagrangian, containing both the vector- (ρ, ω) and axial–vector (a1, f1) mesons,
was first constructed in Ref. [37]. Such a Lagrangian contains 14 invariants. In Ref. [37], only the
electromagnetic anomalous processes were studied. The extension of this model to the weak anomalous
processes was accomplished in Refs. [31, 32]. To carry out this step, it is advantageous to use the
anomalous invariants, constructed in Ref. [37] and to express the external gauge fields using both the
photon field and the boson fields W± and Z0.
The most general anomalous action of the πρωa1f1 system reads [37]
Γan[ξL, ξR, ξM , L,R,L,R] = ΓcovWZW [U,L,R]
+
14∑
i=1
∫
M4
ci Li[ξL, ξR, ξM , L,R,L,R] . (19)
Here ΓcovWZW [U,L,R] is the covariant Wess-Zumino-Witten action containing pseudoscalars and the
electroweak fields. It already satisfies the anomaly constraints. Generally, the 14 independent (ho-
mogenous) terms in the r. h. s. of Eq. (19) are given in Eqs. (3.8) and (3.9) of Ref. [37]. As the terms
L1-L8 contain at least 4 particles in each vertex, only the terms L9-L14 are of interest for our purpose.
The covariant Wess-Zumino-Witten anomalous action of pseudoscalars
reads [35, 36, 45]
ΓcovWZW [U,L,R] = −i
Nc
240π2
∫
M5
Tr [α5]covariantized , (20)
where Nc is the number of colors and α is a differential one-form
α = (∂µU)U
†dxµ , U(x) = exp[−iΠa(x)τa/fpi] ≡ ξ2 , (21)
and Lµ,Rµ are the external gauge fields.
The contribution from the action (20) to the 3-point Lagrangian of interest is [31]
LWZW = i e
2
8π2fpi
εκλµν(∂κB˜λ)(∂µ~Vν · ~Π) , (22)
where B˜λ is an electroweak neutral field and ~Vν is a weak vector field.
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In the homogenous terms, we include both the electromagnetic and weak interactions, but we omit
the field of the f1 meson. Keeping only the 3–particle terms, the anomalous Lagrangian of the πρωa1
system [31, 32] is obtained
L¯an =
10∑
i=7
c¯i L¯i , (23)
where the L¯i terms are 5
L¯7 = 2igρεκλµν {∂κωλ [(gρ~ρµ − e~Vµ) · ( 1
fpi
∂ν~π + e ~Aν)]
+ (gρωκ − 1
3
eBκ) [(∂λ~ρµ) · ( 1
fpi
∂ν~π + e ~Aν)]} , (24)
L¯8 = −2igρεκλµν {∂κωλ [(gρ~ρµ − e~Vµ) · (gρ~aν + 1
2fpi
∂ν~π)]
+ (gρωκ − 1
3
eBκ) [(∂λ~ρµ) · (gρ~aν + 1
2fpi
∂ν~π)]} , (25)
L¯9 = 2ieεκλµν {1
3
∂κBλ [(gρ~ρµ − e~Vµ) · ( 1
fpi
∂ν~π + e ~Aν)]
+ (gρωκ − 1
3
eBκ) [(∂λ~Vµ)( 1
fpi
∂ν~π + e ~Aν)]} , (26)
L¯10 = −2ieεκλµν {1
3
∂κBλ [(gρ~ρµ − e~Vµ) · (gρ~aν + 1
2fpi
∂ν~π)]
+ (gρωκ − 1
3
eBκ) [(∂λ~Vµ)(gρ~aν + 1
2fpi
∂ν~π)]} . (27)
External fields ~V and ~A correspond to the gauge fields of the Standard Model [35]
V±µ = −A±µ =
1
sin Θw
W±µ cos Θc , (28)
V3µ = B˜µ + cot (2Θw)Zµ = Bµ +
1
sin (2Θw)
Zµ , (29)
A3µ = −
1
sin (2Θw)
Zµ . (30)
The constants c¯i are
c¯7 = c˜7 +
1
2
c˜8 = c9 , c¯8 = c˜8 = c9 − 2c10 ,
c¯9 = c˜9 +
1
2
c˜10 = c12 , c¯10 = c˜10 = c12 − 2c13 . (31)
The constants c˜i were first determined in Ref. [37]. The progress in acquiring the data on several
reactions [48] allowed in Ref. [32] to improve the analysis considerably. The difference between the
new data [7] and the data [48] is not so dramatic and only the constants c˜7 and c˜9 slightly changed in
comparison with [32]
c˜7 = 8.72 × 10−3 , c˜8 = −1.07× 10−1 , c˜9 = 9.76 × 10−3 , c˜10 = 7.59 × 10−2 . (32)
5In the proceedings version of the Ref. [31], the factor 2g is lacking at the r.h.s. of Eqs. (50) and (51), whereas the
factor g in the first term in the braces is superfluous; the same is true for Eqs. (52) and (53), but with g → e.
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Let us note that we prefer to choose c˜9 as in [32], by averaging the data on the processes ρ
± → π±γ
and ω → π0γ, since the data on the reaction ρ0 → π0γ show clear tendency to move to the data on
the charged ρ meson radiative decay [7].
Having the homogenous part of the anomalous Lagrangian at our disposal, we pass to the construc-
tion of the anomalous RMC amplitude.
3 Structure of the anomalous RMC amplitude
The contribution to the RMC amplitude due to the Wess–Zumino term (22) is presented in Fig. 1. It
reads
Ja,WZµν = −
gpiNN
8π2fpi
εµνηα kηqα∆
pi
F (q
2
1) Γ
a
5 , (33)
where
Γa5 = u¯(p
′)γ5τ
au(p) . (34)
This amplitude satisfies the continuity equations
kνJ
a,WZ
µν = qµJ
a,WZ
µν = 0 . (35)
Since this amplitude contains the pion propagator, it contributes to the form factor gP . However,
q1 = q − k = µ − ν − k = −qL and this contribution has no enhancement factor. The influence of
this amplitude on the photon spectrum was earlier calculated in Ref. [49] and it was found to be
negligible.
✲
p
✲
p ′
q
❄
q
q1 pi
✡
✡
✡
✡
✟
✟
✟
■
Bν
k
☛
☛
☛
✠
✠
✠
✠✠
Vaµ
q
Fig. 1. The Wess–Zumino anomalous amplitude Ja,WZµν .
Next the contribution from the Lagrangian L¯7 is presented in more detail. It contains eight terms
L¯7 =
8∑
i=1
L¯7,i
= 2igρεµνκλ
{
(∂µων)
[
gρ
fpi
(~ρκ · ∂λ~π)− e
fpi
(~Vκ · ∂λ~π) + egρ(~ρκ · ~Aλ)
10
−e2(~Vκ · ~Aλ)
]
+
1
fpi
[
gρωµ − e
3
Bµ
]
(∂ν~ρκ · ∂λ~π)
+e
[
gρωµ − e
3
Bµ
]
(∂ν~ρκ · ~Aλ)
}
. (36)
Using particular terms, the contributions to the anomalous RMC amplitude are calculated. From the
vertex L¯7,1, one generates 3 Feynman amplitudes, presented in Fig. 2a, Fig. 2b and Fig. 2c. They are
of the form
Jaµν(7, 1a) = −2m2ωm2ρ
gρgpiNN
gωfpi
εαβλκkκq1λ∆
pi
F (q
2
1)∆
ω
αν(k)∆
ρ
βµ(q)Γ
a
5 , (37)
Jaµν(7, 1b) = −im2ω
g3ρ
gω
εαβλκ kκqλqµ∆
pi
F (q
2)∆ωαν(k)∆
ρ
βη(q1)Γ
a
η
= −ifpiqµ∆piF (q2)Maν (7, 1c) , (38)
Maν (7, 1c) = m
2
ω
g3ρ
gωfpi
εαβλκ kκqλ∆
ω
αν(k)∆
ρ
βη(q1)Γ
a
η . (39)
Here
Γaη = u¯(p
′)(γη − κV
2M
σηδq1δ)u(p) . (40)
Both amplitudes, Jaµν(7, 1a) and J
a
µν(7, 1b), contain the pion propagator and contribute to gP . How-
ever, only the pion propagator of the amplitude Jaµν(7, 1b) provides the enhancement factor ≈ 3.
Calculating the divergence yields
kνJ
a
µν(7, 1a) = kνJ
a
µν(7, 1b) = 0 , (41)
qµJ
a
µν(7, 1a) = −2m2ωεαβλκkκqβq1λ∆piF (q21)∆ωαν(k)Γa5 , (42)
qµJ
a
µν(7, 1b) = −ifpiq2∆piF (q2)Maν (7, 1c) . (43)
Relative to the index ν, attached to the photon line, the amplitudes are transverse separately.
The vertex L¯7,2 generates the amplitude presented in Fig. 2d. Explicitly we have
Jaµν(7, 2) = 2m
2
ω
gρgpiNN
gωfpi
εαµλκkκq1λ∆
pi
F (q
2
1)∆
ω
αν(k)Γ
a
5 , (44)
kνJ
a
µν(7, 2) = 0 , qµJ
a
µν(7, 2) = −qµJaµν(7, 1a) . (45)
Again, the amplitude is transverse in the electromagnetic sector. As follows from the second part of
Eq. (45), the weak vector amplitudes Jaµν(7, 1a) and J
a
µν(7, 2) satisfy the CVC hypothesis.
From the vertex L¯7,3 we have also only one amplitude of Fig. 2e
Jaµν(7, 3) = im
2
ω
g3ρ
gω
εµαβκkκ∆
ω
αν(k)∆
ρ
βη(q1)Γ
a
η , (46)
kνJ
a
µν(7, 3) = 0 , qµJ
a
µν(7, 3) = ifpiM
a
ν (7, 1c) . (47)
It is seen from Eq. (43) and Eq. (47) that the axial amplitudes Jaµν(7, 1b) and J
a
µν(7, 3) satisfy the
PCAC
qµ[J
a
µν(7, 1b) + J
a
µν(7, 3)] = ifpim
2
pi∆
pi
F (q
2)Maν (7, 1c) . (48)
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Fig. 2. The processes contributing to the anomalous amplitude from the Lagrangian L¯7.
The vertex L¯7,4 does not contribute to processes triggered by the charged current.
In its turn, the vertex L¯7,5 generates 3 amplitudes, again represented by the graphs Fig. 2a, Fig. 2b
and Fig. 2c
Jaµν(7, 5a) = 2m
2
ωm
2
ρ
gρgpiNN
gωfpi
εαβλκqαq1λ∆
pi
F (q
2
1)∆
ω
κν(k)∆
ρ
βµ(q)Γ
a
5 , (49)
Jaµν(7, 5b) = −im2ω
g3ρ
gω
εαβλκ q1αqλqµ∆
pi
F (q
2)∆ωκν(k)∆
ρ
βη(q1)Γ
a
η
= −ifpiqµ∆piF (q2)Maν (7, 5c) , (50)
Maν (7, 5c) = m
2
ω
g3ρ
gωfpi
εαβλκ qλq1α∆
ω
κν(k)∆
ρ
βη(q1)Γ
a
η . (51)
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Again, both amplitudes, Jaµν(7, 5a) and J
a
µν(7, 5b), contain the pion propagator and contribute to gP .
However, only the pion propagator of the amplitude Jaµν(7, 5b) provides the enhancement factor ≈ 3.
The divergence of these amplitudes reads
kνJ
a
µν(7, 5a) = 2m
2
ρ
gρgpiNN
gωfpi
εαβλκkκqαq1λ∆
pi
F (q
2
1)∆
ρ
βµ(q)Γ
a
5 , (52)
qµJ
a
µν(7, 5a) = 0 , (53)
kνJ
a
µν(7, 5b) = −i
g3ρ
gω
εαβλκ kκq1αqλqµ∆
pi
F (q
2)∆ρβη(q1)Γ
a
η , (54)
qµJ
a
µν(7, 5b) = −ifpiq2∆piF (q2)Maν (7, 5c) . (55)
Now the amplitudes are not separately transverse in the electromagnetic sector. On the contrary, the
weak vector amplitude Jaµν(7, 5a) satisfies the CVC by itself.
From the vertex L¯7,6, one again obtains 3 amplitudes, given in Fig. 2f, Fig. 2g and Fig. 2h
Jaµν(7, 6a) = 2m
2
ρ
gρgpiNN
gωfpi
ενκβλqκq1λ∆
pi
F (q
2
1)∆
ρ
βµ(q)Γ
a
5 , (56)
Jaµν(7, 6b) = −i
g3ρ
gω
ενκβλqµqλq1κ∆
pi
F (q
2)∆ρβηΓ
a
η
= −ifpiqµ∆piF (q2)Maν (7, 6h) , (57)
Maν (7, 6h) =
g3ρ
gωfpi
ενκβλqλq1κ∆
ρ
βηΓ
a
η . (58)
In deriving these equations, we used the relation gω = 3gρ. It is the amplitude J
a
µν(7, 6b) that contains
the enhancement factor. The divergence of the amplitudes Jaµν(7, 6a) and J
a
µν(7, 6b) is
kνJ
a
µν(7, 6a) = 2m
2
ρ
gρgpiNN
gωfpi
ενκβλkνqκq1λ∆
pi
F (q
2
1)∆
ρ
βµ(q)Γ
a
5 , (59)
qµJ
a
µν(7, 6a) = 0 , (60)
kνJ
a
µν(7, 6b) = i
g3ρ
gω
εαβλκkκq1αqλqµ∆
pi
F (q
2)∆ρβηΓ
a
η , (61)
qµJ
a
µν(7, 6b) = −ifpiq2∆piF (q2)Maν (7, 6h) . (62)
It follows from Eq. (54) and Eq. (61) that
kν [J
a
µν(7, 5b) + J
a
µν(7, 6b)] = 0 . (63)
The vertex L¯7,7 yields the amplitude of Fig. 2e. Together with the divergence, this amplitude is
Jaµν(7, 7) = im
2
ω
g3ρ
gω
εαβµκq1α∆
ω
νκ(k)∆
ρ
βη(q1)Γ
a
η , (64)
kνJ
a
µν(7, 7) = i
g3ρ
gω
εαβµκkκq1α∆
ρ
βη(q1)Γ
a
η , (65)
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qµJ
a
µν(7, 7) = ifpiM
a
ν (7, 5c) . (66)
Combining Eq. (55) and Eq. (66) we obtain another PCAC constraint
qµ[J
a
µν(7, 5b) + J
a
µν(7, 7)] = ifpim
2
pi∆
pi
F (q
2)Maν (7, 5c) . (67)
From the last vertex L¯7,8, one obtains the amplitude of Fig. 2i. It reads, together with the divergence,
as follows
Jaµν(7, 8) = −i
g3ρ
gω
εαβµνq1α∆
ρ
βη(q1)Γ
a
η , (68)
kνJ
a
µν(7, 8) = −i
g3ρ
gω
εαβµνkνq1α∆
ρ
βη(q1)Γ
a
η , (69)
qµJ
a
µν(7, 8) = ifpiM
a
ν (7, 6h) . (70)
It follows from Eq. (65) and Eq. (69) that
kν [J
a
µν(7, 7) + J
a
µν(7, 8)] = 0 . (71)
From Eq. (62) and Eq. (70) we have the PCAC constraint
qµ[J
a
µν(7, 6b) + J
a
µν(7, 8)] = ifpim
2
pi∆
pi
F (q
2)Maν (7, 6h) . (72)
Let us note that the amplitudes that contain the ω meson propagator can be simplified at once, since
it holds for the real photon with a good accuracy
∆ωνκ(k) ≈ δνκ/m2ω . (73)
Summing up, the vector–axial-vector (VA) amplitudes are
Jaµν(7, 1b), J
a
µν(7, 3), J
a
µν(7, 5b), J
a
µν(7, 6b), J
a
µν(7, 7) and J
a
µν(7, 8).
Using Eq. (73), we have from Eq. (51) and Eq. (58)
Maν (7, 5c) ≈ −Maν (7, 6h) , (74)
from which it follows that
Jaµν(7, 5b) + J
a
µν(7, 6b) ≈ 0 . (75)
It also follows that in this approximation
Jaµν(7, 7) + J
a
µν(7, 8) ≈ 0 . (76)
Then from the VA amplitudes, only Jaµν(7, 1b) and J
a
µν(7, 3) survive. Since Γ
a
η depends on the momen-
tum transfer q1, we can write
Jaµν(7, 1b) = −i
g3ρ
gω
ενηλκkκqλqµ∆
pi
F (q
2)∆ρF (q
2
1)Γ
a
η , (77)
Jaµν(7, 3) = i
g3ρ
gω
ενηµκkκ∆
ρ
F (q
2
1)Γ
a
η . (78)
The vector–vector (VV) amplitudes are
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Jaµν(7, 1a), J
a
µν(7, 2), J
a
µν(7, 5a) and J
a
µν(7, 6a).
For the weak momentum transfer qµ of interest, the following approximation is quite acceptable
∆ρβµ(q) ≈ δβµ/m2ρ . (79)
This approximation simplifies the analysis of the VV amplitudes to a great extent, since it is clear
from Eq. (38) and Eq. (45) that
Jaµν(7, 1a) + J
a
µν(7, 2) ≈ 0 , (80)
and from Eq. (50) and Eq. (56) we have
Jaµν(7, 5a) + J
a
µν(7, 6a) ≈ 0 . (81)
It means that the VV amplitudes do not contribute to the anomalous amplitude in the approximation
(79).
In the next step, analogous construction of the amplitudes arising from the Lagrangians L¯i, i =
8, 9, 10 is carried out. It turns out that only the same amplitudes, Jaµν(7, 1b) and J
a
µν(7, 3), result.
The full anomalous amplitude can be expressed, using Eq. (23), as
Ja, anµν = (c¯7 −
1
2
c¯8 + c¯9 − 1
2
c¯10)[J
a
µν(7, 1b) + J
a
µν(7, 3)]
= c˜[Jaµν(7, 1b) + J
a
µν(7, 3)] , (82)
where
c˜ = c˜7 + c˜9 = 1.85 × 10−2 . (83)
Here we have used Eqs. (31) and Eqs. (32). The amplitude Ja, anµν satisfies the continuity equations
kνJ
a, an
µν = 0 , (84)
qµJ
a, an
µν = ifpim
2
pi∆
pi
F (q
2)c˜Maν (7, 1c) . (85)
We now proceed to calculate the contributions to the form factors gi entering the effective Hamil-
tonian (14). For this purpose, we multiply the amplitudes Ja,WZµν , Eq. (33), and J
a, an
µν , Eq. (82), by
εν lµ, where the weak lepton current is lµ = −iu¯νγµ(1 + γ5)uµ. After the non–relativistic reduction,
we obtain from the Wess–Zumino amplitude Ja,WZµν
g′4,WZ = −η
E2k
8π2f2pi
λEk + yEν
2mµ
gLP , (86)
g′′4,WZ = −η
EkEν
8π2f2pi
λEk + yEν
2mµ
gLP , (87)
g′′7,WZ = g
′
11,WZ = η
E2k
8π2f2pi
λEν
2mµ
gLP , (88)
g′′10,WZ = g
′′
11,WZ = η
Ek
8π2f2pi
λE2ν
2mµ
gLP . (89)
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Here η = mµ/2M , Ek(Eν) is the photon (neutrino) energy, y = νˆ · kˆ and the induced pseudoscalar
form factor gLP = 2MmµgA∆
pi
F ((q
L)2) depends on the momentum qL = −q1. As it has already been
noted, this momentum dependence does not exhibit the enhancement factor for the photon energies
at the high energy tail of the photon spectrum.
Let us calculate next the contributions from the amplitude Jaµν(7, 1b). We obtain
g2,1 = −(1 + κV )η
g3ρ
gAgω
Ek
2M
|~k + ~ν|2
m2ρ
gNP , (90)
g′10,1 = (1 + κV )η
g3ρ
gAgω
(
Ek
mρ
)2
Eν
2M
gNP , (91)
g′′10,1 = (1 + κV )η
g3ρ
gAgω
(
Ek
mρ
)
E2ν
2Mmρ
gNP . (92)
Here gNP = 2MmµgA∆
pi
F ((q
N )2) depends on the momentum qN = ν − µ and it provides the enhance-
ment factor ≈ 3 in the amplitude at the high energy tail of the photon spectrum. We have also used
the approximation
∆ρF (q
2
1) ≈ m−2ρ . (93)
The last contributions to calculate are from the amplitude Jaµν(7, 3)
g2,3 = (1 + κV )η
g3ρ
gω
Ek(Ek + yEν)
m2ρ
, (94)
g′8,3 = −g′9,3 = g′10,3 = −(1 + κV )η
g3ρ
gω
EkEν
m2ρ
, (95)
g′′8,3 = −(1 + κV )η
g3ρ
gω
E2k
m2ρ
. (96)
These form factors do not contribute to gP . However, the form factor g2,3 is large at the high energy
tail of the photon spectrum. Together with the form factor g2,1 of Eq. (90), they are by a factor
≈ 1/2M larger than other form factors gi,1 and gj,3. It can be seen that due to the enhancement
factor in the form factor g2,1, these two form factors are about the same size at the end of the photon
spectrum. Indeed, taking |gNP | ≈ 30, we have EkgNP /2M ≈ 1.5. Besides, |~k+~ν|2 ≈ Ek(Ek+yEν) ≈ E2k .
On the other hand, comparing the form factors g2,1 and g
′
4,WZ we have at the high energy tail of the
photon spectrum
g2,1
g′4,WZ
≈ −4π2 1 + κV
3gA
mµ
M
gNP
gLP
≈ 40 . (97)
In deriving this ratio, we used the Kawarabayashi–Suzuki–Fayazuddin–Riazuddin relation 2f2pig
2
ρ = m
2
ρ.
Nevertheless, the form factors g2,1 and g2,3 do not enhance sensibly the photon spectrum, because of
the small factor c˜ = 1.85 × 10−2, Eq. (83). The presence of this small factor in the homogenous part
of the anomalous Lagrangian makes its influence approximately equal to the Wess–Zumino term.
The numerical analysis shows [11] that the contribution of the anomalous processes to the singlet
and triplet capture rates for the RMC in hydrogen is ≈ 0.2 %.
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Let us briefly discuss the double radiative muon capture (DRMC) in hydrogen
µ− + p −→ νµ + γγ + n . (98)
One of the possible processes contributing to this reaction is presented in Fig. 3.
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Fig. 3. The amplitude of the double radiative muon capture.
The charged weak vector interaction converts π+ into π0 that decays into two photons. This decay
is possible due to the chiral anomaly and is described by the anomalous Lagrangian (16). Since
in the experiment on the RMC only one photon is detected, the double differential capture rate
for the process (98), integrated over one photon, can contribute to the measured photon spectrum.
Calculations, analogous to those performed above, provide the following anomalous amplitude for the
DRMC process
Jaµνη =
gpiNNm
2
ρ
8π2fpi
εζναηk1ζk2α∆
ρ
λµ(q)∆
pi
F (q
2
1)∆
pi
F (q
2
2)(q1λ + q2λ)ε
3abΓb5 . (99)
This amplitude is gauge invariant
kνJ
a
µνη = kηJ
a
µνη = 0 . (100)
In the weak sector it satisfies the following Ward–Takahashi identity
qµJ
a
µνη =
gpiNN
8π2fpi
εζναηk1ζk2α
[
∆piF (q
2
1)−∆piF (q22)
]
ε3abΓb5 . (101)
At the right hand side of Eq. (101), the amplitude of more simple double radiative process enter. This
amplitude is given at Fig. 1 with the wavy lines corresponding to outgoing photons.
The probability of the DRMC per unit volume is
dwfi = (e
2GF cos θC)
2 1
2(2π)8
1
4
∑
s.p.
|Mfi|2 δ4(Pf − Pi) d3nd3ν d
3k1
2E1
d3k2
2E2
. (102)
Here
Mfi = l˜µ(0)ε
∗
ν(k1)ε
∗
η J
a
µνη . (103)
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The form of the DRMC rate resembles that of the single RMC rate 6
ΛDRMC =
α5
28π9
(GF cos θC
gpiNN
2Mfpi
)2m3Mn
∫
ν20
W + E1(cos θ1 − 1) + E2(cos θ2 − 1)
×[∆piF (q21)∆piF (q22)]2(k1 · k2)2(~q1)2FE1d(E1)E2d(E2)
× sin θ1dθ1 sin θ2dθ2dφ2 . (104)
Here
F = [mµ − 2(E1 + E2)]2 + 4(~k1 + ~k2)2 − 4[mµ + 2(E1 + E2)][νˆ · (~k1 + ~k2)] , (105)
ν0 =
W 2 −M2n − 2W (E1 +E2) + 2E1E2(1− cos θ12)
2[W + E1(cos θ1 − 1) + E2(cos θ2 − 1)] , (106)
α is the fine structure constant, W = Mp + mµ, Mp (Mn) is the proton (neutron) mass, m is the
reduced proton-muon mass and cos θ12 = kˆ1 · kˆ2.
In comparison with the single RMC rates [11], ΛDRMC is suppressed by the factor α/2
6π6. This
clearly indicates that ΛDRMC is much smaller. The numerical calculations yield for the triplet capture
rate
ΛDRMC, t × 103 = 106.7 × 10−13s−1 , (107)
that is damped by the factor 10−13 in comparison with the radiative muon capture rate Λt for the
reaction (13) [11].
Besides the weak vector amplitude (99), one can also construct weak axial amplitudes for the DRMC.
However, they are expected to provide an effect of the same order of magnitude.
4 Conclusions
Starting from the most general anomalous action of the πρωa1 system, we arrive at the 3–point anoma-
lous Lagrangian, that includes the Wess–Zumino term and four homogenous terms. Application to
radiative muon capture in hydrogen is considered in order to establish possible contributions that may
enhance the photon spectrum at its high energy tail. It is important to find and understand the pos-
sible sources that may explain the discrepancy between the experimental results and the conventional
methods to calculate this spectrum.
The constructed anomalous amplitudes are gauge invariant and in the weak sector, the vector
amplitudes satisfy the CVC hypothesis and the axial amplitudes satisfy the PCAC constraint. Using
reasonable approximations, only two axial amplitudes result, besides the Wess–Zumino one. All three
terms yield corrections that turn out to be of the same order of magnitude for the high photon energies.
The numerical estimates show [11] that they cannot provide the necessary enhancement.
We have also made here an estimate of the capture rate for the double radiative muon capture in
hydrogen. This reaction is triggered by the anomalous decay π0 → γγ. The calculations show that
6For the comparison see, e.g., Eq. (4.1) of Ref. [11].
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its capture rate turns out to be strongly suppressed in comparison with the capture rate for the single
radiative muon capture.
Let us note finally that we have recently suggested [11] that off–shell effects due to the isobar
intermediate state can, in principle, provide an enhancement that brings the calculated results in
reasonable agreement with the experiment.
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